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ABSTRACT
EXISTENCE OF BASIS IN SOME WHITNEY SPACES
Mustafa Kes¸ir
M.S. in Mathematics
Supervisor: Prof. Dr. Mefharet Kocatepe
July, 2003
Existence of basis in locally convex spaces has been a hot subject in functional
analysis for more than 40 years. We will give some partial solutions to this
well-known problem. We will demonstrate two cases of Cantor-type sets with
extension property under some special cases. These sets are KN with (DN)
where lim supαn < N and K∞ with (DN) where lim supαn <∞.
Keywords: Schauder basis, nuclear Fre´chet spaces, power series space of infinite
type, Whitney spaces, Cantor-type sets, topological invariants (DN), (Ω), β and
diametral dimension.
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O¨ZET
TABANI OLAN BAZI WHITNEY UZAYLARI
Mustafa Kes¸ir
Matematik, Yu¨ksek Lisans
Tez Yo¨neticisi: Prof. Dr. Mefharet Kocatepe
Temmuz, 2003
Lokal konveks uzaylarının tabanı olup olmadıg˘ı konusu, fonksiyonel analizde
kırk yılı as¸kın bir su¨redir popu¨ler bir konu olagelmis¸tir. Bu tezde tabanı olan
bazı Whitney uzaylarına o¨rnekler verilecektir. Bu o¨rnekler genis¸letme o¨zellig˘i
olan bir kısım Cantor tipi ku¨melerdir. Bu ku¨meler lim supαn < N olan KN ve
lim supαn <∞ olan K∞’dir.
Anahtar so¨zcu¨kler : Schauder tabanı, nu¨kleer Fre´chet uzayları, Whitney uzayları,
Cantor tipi ku¨meler, topolojik deg˘is¸mez (DN), (Ω), β ve c¸apsal boyut .
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Chapter 1
Introduction
Existence of basis problem in locally convex spaces has been a hot subject in
functional analysis for more than 40 years. It was shown by Zobin and Mityagin
[10] that there are nuclear Fre´chet spaces without a basis. Since their counter ex-
ample was a constructed one, it is still not known whether there exists a concrete
example of nuclear function space without a basis. Many researchers believe that
if there exists one, it will be found among Whitney spaces. We will give some
partial solutions to this well-known problem. We will work on topological vector
spaces, and especially locally convex spaces which are rich in theory. Among
locally convex spaces, we will focus mainly on nuclear Fre´chet spaces. Some basic
definitions and theorems will be given. Then Whitney spaces and generalized
Cantor-type sets will be defined. We will also define some topological invariants
which are (DN), (Ω), diametral dimension and β and some theorems related
to isomorphism of locally convex spaces which will be of greatest importance in
obtaining solutions to existence of basis problem. The relation between β and
diametral dimension and asymptotical behavior of β for Cantor-type sets will be
useful in obtaining solutions to existence problem.
By the help of a theorem due to A. Aytuna, J. Krone and Terziog˘lu [2] we
will show two examples of Whitney spaces with a basis. These Whitney spaces
are defined on Cantor-type sets.
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For both of the cases, first we will give a proof with basic ideas and techniques.
Then a detailed proof will be given. Although the Cantor-type sets KN and K∞
are not like each other topologically, while showing that both ε(KN) and ε(K∞)
have basis we use same proof with minor changes.
We will show only existence of basis for both Whitney spaces, a concrete
example of a basis will not be given. In [5] Goncharov constructs a basis in the
spaces of Whitney functions ε(K) for two model cases, whereK ⊂ R is a sequence
of closed intervals tending to a point.
Chapter 2
Preliminaries
2.1 Locally Convex Spaces
In topological vector spaces, we consider generally locally convex spaces which
are rich in theory. Among locally convex spaces, we will focus mainly on nuclear
Fre´chet spaces. In this section some basic definitions and theorems will be given.
Definition 2.1.1 Let E be a topological vector space, U0 be the set of all neighbor-
hoods of the origin. Then a subset V of U0 is called a basis of neighborhoods
of the origin if for any U ∈ U0, there exists V ∈ V such that V ⊂ U. A topolog-
ical vector space which has a basis of convex neighborhoods of the origin is called
a locally convex topological vector space, or in short form locally convex
space.
Definition 2.1.2 Let E be a locally convex space, and U be a collection of zero
neighborhoods in E. If for any zero neighborhood U in E, there exists a V ∈ U
and  > 0 such that .V ⊂ U , then U is called a Fundamental System of
Zero Neighborhoods.
Definition 2.1.3 Let E be a locally convex space and (||.||α)α∈A be a family of
continuous seminorms in E.
3
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If the sets {Uα := x ∈ E : ||x||α < 1, α ∈ A} form a fundamental system of zero
neighborhoods in E, then the family of seminorms (||.||α)α∈A is called a funda-
mental system of seminorms in E.
If E is a vector space, and a family V = (Vα)α∈I of convex neighborhoods
of the origin is given, then there is a coarsest topology on E compatible with
the algebraic structure in which every set in V is a neighborhood. Under this
topology E becomes a locally convex space and the sets;
VI′, = .
⋂
i∈I′
Vi (I
′: a finite set in I, Vi ∈ V)
form a basis of neighborhoods of the origin. (For proof, see [12])
Similarly, if on a vector space E a family S = (pi)i∈I of seminorms is given,
then there is a coarsest topology on E compatible with the algebraic structure
in which every seminorm in S is continuous under the topology generated by the
following sets (which form a fundamental system of zero neighborhoods);
{x : sup
i∈I′
pi (x) ≤  ( > 0, I ′ : a finite set in I)}
and under this topology, E becomes a locally convex space. (For proof, see [12]).
If a Hausdorff locally convex space E has a countable fundamental system of
seminorms (or countable fundamental system of zero neighborhoods), then topol-
ogy of E can be defined by a translation invariant metric, i.e. E is metrisable.
This metric d can be defined as follows:
Let (||.||n)n∈N be the countable fundamental system of seminorms (if we are given
(Un)n∈N as the countable fundamental system of zero neighborhoods, then con-
sider the corresponding Minkowski functionals (||.||n)n∈N as follows:
||x||n = ||x||Un := inf{t > 0 : x ∈ t.Un} Clearly, these ||x||n’s are seminorms).
Then:
Theorem 2.1.4 Let E be a Hausdorff locally convex space. Then the following
are equivalent:
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1. E has a countable fundamental system of zero neighborhoods.
2. E has a countable fundamental system of seminorms.
3. E is metrisable.
Proof : Equivalence of (1) and (2) follows from the definitions.
(3) ⇒ (1) : Define Un = {x ∈ E : d (x, 0) < 1n , n ∈ N}. Then (Un)n∈N form a
countable fundamental system of zero neighborhoods.
(2) ⇒ (3) : Let (||.||n)n∈N be a countable fundamental system of seminorms.
Then define d : E × E → R as follows:
d : (x, y) 7→
∞∑
n=1
1
2n
||x− y||n
1 + ||x− y||n , x, y ∈ E.
It is shown in [12] that d is a metric. Since d(x + a, y + a) = d(x, y) for any
a ∈ E, d is invariant under translation. Let us show that topology generated by
d, τd is equivalent to topology τ||.||n defined by countable fundamental system of
seminorms. To show this; let On = {x ∈ E : d (x, 0) < 1n , n ∈ N} be the usual
basis of neighborhoods in E with respect to τd. Then we will construct an open
set O′n in E (open with respect to τ||.||n) such that O
′
n ⊂ On which will give us
that τ||.||n is finer than τd. O
′
n is constructed as follows:
Let On be given. Since
∑∞
k=1
1
2k
< ∞, fix N such that ∑∞k=N+1 12k < 12·n . Then
define O′n,i = {x ∈ E : ||x||i1+||x||i < 12·n} where 1 ≤ i ≤ N and let O′n =
⋂
1≤i≤N O
′
n,i.
First, note that O′n is not empty since 0 ∈ x ∈ O′n,i for all 1 ≤ i ≤ N and finite
intersection of open sets is again open. So O′n is an open set containing 0. Now
let us show that O′n ⊂ On:
Take any x ∈ O′n, then
d (x, 0) =
∑∞
k=1
1
2k
||x||k
1+||x||k
=
∑N
k=1
1
2k
||x||k
1+||x||k +
∑∞
k=N+1
1
2k
||x||k
1 + ||x||k︸ ︷︷ ︸
<1
<
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∑N
k=1
1
2k
||x||k
1+||x||k +
∑∞
k=N+1
1
2k
<
(∑N
k=1
1
2k
· 1
2·n
)
+ 1
2·n <
1
n
(∑N
k=1
1
2k+1
+ 1
2
)
< 1
n
· 1 < 1
n
. (2.1)
This means that x ∈ On which implies that O′n ⊂ On. So τ||.||n is finer than
τd.
To show converse;
Let Un = {x ∈ E : ||x||n < 1} be the basis of neighborhoods of E with respect to
τ||.||n . Now we will construct an open set U
′
n in E (open with respect to τd) such
that U ′n ⊂ Un which will give us that τd is finer than τ||.||n . U ′n is constructed as
follows:
Let Un be given, then let U
′
n = {x ∈ E : d (x, 0) < 12n+1}. Clearly U ′n is an open
set with respect to τd. Take any x ∈ U ′n, then
1
2n
· ||x||n
1 + ||x||n ≤
∞∑
k=1
1
2k
||x||k
1 + ||x||k = d (x, 0) <
1
2n+1
which implies that
1
2n
· ||x||n
1 + ||x||n <
1
2n+1
⇒ ||x||n < 1
which means that x is in Un, i.e. U
′
n ⊂ Un. So τd is finer than τ||.||n . Therefore we
get that τd and τ||.||n define the same topology.

Definition 2.1.5 A locally convex space E which is metrisable and complete is
called a Fre´chet Space.
If E is a Fre´chet Space, then by (2.1.4), E is metrisable. Since E is metrisable,
it is sufficient to work with sequences. If (‖.‖k)∞k=1 is a fundamental system of
seminorms, E is complete if and only if for every sequence {xn} in E such that
limn,m→∞ ‖xn − xm‖k = 0 for every k, there is an element x ∈ E such that
limn→∞ ‖xn − x‖k = 0 for every k.
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Definition 2.1.6 A locally convex space E is said to be nuclear, if for each
absolutely convex zero neighborhood U in E there exist an absolutely convex zero
neighborhood V and a measure µ on the σ∗−compact set V 0, so that
‖x‖U ≤
∫
V 0
|y (x) |dµ (y) for all x ∈ E.
Definition 2.1.7 A sequence (en)n∈N in a locally convex space E is called a basis
if for every e ∈ E, there exists a unique sequence (an)n∈N (an ∈ R) such that the
series
∑∞
n=0 anen converges to e (here by convergence we mean convergence in
topology of E, i.e. for any neighborhood U of e there exists N ∈ N such that for
all N ′ ≥ N ,
(∑N ′
n=0 anen
)
is in U−neighborhood of e).
If (en)n∈N is a basis of E, we can define coefficient functionals of E as follows:
un (x) = an, for all x in E where x =
∑∞
n=0 anen.
Then a basis (en)n∈N is called a Schauder basis if its coefficient functionals un
are continuous.
Let (en)n∈N be a Schauder basis of E. If for each continuous seminorm p on E
there is a continuous seminorm q on E and a C > 0 such that∑
n∈N
|un (x) |p (en) ≤ Cq (x) for all x ∈ E ,
then (en)n∈N is called an absolute basis.
Definition 2.1.8 Two locally convex spaces E and F are called isomorphic if
there exists a one-to-one linear mapping from E onto F which is continuous in
both directions.
Theorem 2.1.9 {Dynin - Mityagin Theorem} If E is a nuclear Fre´chet space
then every Schauder basis (en)n∈N is absolute, i.e., for each fundamental system
of seminorms (|| ||k)k∈N we have: for every k ∈ N there is an l ∈ N and a C > 0
with ∞∑
n=1
|an (x) |.||en||k ≤ C||x||l for all x ∈ E.
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For proof of last theorem, we will refer to [8].
Definition 2.1.10 Let A be a set consisting of sequences a = (an)n∈N of positive
numbers such that the following conditions hold:
1. For any m ≥ 1, there exists a sequence a ∈ A such that am > 0
2. For any finite set of elements a(k) ∈ A, k = 1, 2, . . . ,m, there exists a
sequence a = (an)n∈N ∈ A such that
max{a(k)n : 1 ≤ k ≤ m} ≤ an for all n ≥ 1.
Then the set A is called a Ko¨the set.
For any Ko¨the set A, define
λ(A) = {x = (xn)n∈N : pa(x) =
∞∑
n=1
an|xn| <∞ for all a = (an)n∈N ∈ A}. (2.2)
The set λ(A) is called the Ko¨the space determined by A or in short form
Ko¨the space.
It’s a well known fact that all Ko¨the spaces have a basis (en)n∈N defined as
follows:
en = (δn,i)i where δn,i =
{
1 if i = n
0 otherwise.
By the topology determined by the family of seminorms (pa)a∈A defined in (2.2),
λ(A) becomes a locally convex space. In case A is a countable set, λ(A) becomes
a Fre´chet space.
Definition 2.1.11 Let A be a Ko¨the set satisfying following conditions:
1. For any a = (an) ∈ A,
0 < an ≤ an+1 for all n ≥ 1,
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2. For every a = (an) ∈ A there is a b = (bn) ∈ A such that
a2n ≤ bn for all n ≥ 1.
Then A is called a power set of infinite type and the Ko¨the space determined
by A is called a G∞−space.
Let α = (αn)
∞
n=0 be an increasing sequence of positive numbers, then we can define
a power set of infinite type A by the help of α as follows;
A = {βk = (βk,n)n : βk,n = kαn k = 1, 2, . . .}
Then the G∞−space determined by A is called a power series space of
infinite type and denoted by Λ∞(α).
Note that the space Λ∞(α) is a Fre´chet space. We can rewrite Λ∞(α) for a
given increasing sequence α = (αn) of positive numbers as follows:
Λ∞(α) =
{
x = (xn) :
∞∑
n=1
kαn · |xn| <∞ for all k ∈ N
}
.
Definition 2.1.12 The space of rapidly decreasing sequences s is defined as fol-
lows:
s = {x = (xn) : ||x||q =
∞∑
n=1
|xn|nq <∞ ∀ q} (2.3)
The space s becomes a Fre´chet space under the topology defined by the se-
quence of seminorms given in (2.3). s plays a prominent role in the theory of
nuclear Fre´chet spaces. In fact s is a power series of infinite type determined by
the sequence (log n)∞n=1, i.e.
s = Λ∞ ((log n)n) . (2.4)
Equivalence of (2.3) and (2.4) is proved in [19].
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2.2 Spaces of Whitney Functions
Definition 2.2.1 Let K ⊂ R be a compact set. The space of functions f : K →
R extendable to C∞-functions on R equipped with the topology defined by the
sequence of norms
||f ||q = |f |q+ sup{|
(
Rqyf
)(i)
(x) | ·|x− y|i−q :
x, y ∈ K, x 6= y, i ≤ q}, q = 0, 1 . . . (2.5)
where |f |q = sup{|f (j) (x) | : x ∈ K, j ≤ q} and
Rqyf (x) = f (x)−T qy f (x) = f (x)−
q∑
k=0
f (k) (y)
k!
(x− y)k ( the Taylor remainder )
is called space of infinitely differentiable Whitney functions on K and
denoted by ε (K).
2.3 Some Topological Invariant Properties
Now let us give definitions of some topological invariant properties in locally
convex spaces; (DN), (Ω), diametral dimension, and β. Diametral dimension was
one of the first topological invariants introduced by C. Bessaga, A. Pelczyn´ski
and S. Rolewicz [3]. (DN) was introduced by Vogt [17] (see also the class D1
in [22]), topological invariant (DN) coincides with the condition (d3) derived by
E. Dubinsky [4] for Ko¨the spaces; equivalence was shown by Vogt[17]. (Ω) was
first used by Vogt and Wagner [18] and β was founded by Zahariuta in [20] by
generalizing ideas of same author about synthetic neighborhoods [21].
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2.3.1 (DN) :
Let E be a metrisable locally convex space with an increasing fundamental system
of seminorms || ||1 ≤ || ||2 ≤ . . . . If there is a continuous norm || ||0 on E such
that for all k ∈ N there exists p ∈ N and C > 0 such that
||x||2k ≤ C||x||0||x||p
holds for every x ∈ E, then we say that E has the Dominating Norm Prop-
erty, or briefly (DN).
Theorem 2.3.1 If E and F are two isomorphic locally convex spaces, then either
Eand F both have the property (DN) or neither E nor F has the property (DN) .
In other words, (DN) is a topological invariant.
Theorem 2.3.2 If E is a locally convex space with property (DN), then the
property (DN) is inherited by all closed subspaces of E.
Last two theorems related to (DN) are well-known in functional analysis. We
refer to [8] for proofs.
2.3.2 (Ω) :
Let E be a metrisable locally convex space with a decreasing fundamental system
of zero neighborhoods U1 ⊃ U2 ⊃ . . . . If for every p ∈ N there is a q ∈ N such
that for each k ∈ N there is a j and a constant C > 0 so that the inclusion
Uq ⊂ CrjUk + 1
r
Up holds for every r > 0,
then we say that E has property (Ω).
The following theorems are well-known;
Theorem 2.3.3 (Ω) is a topological invariant, i.e. if E and F are isomorphic,
then either both E and F have the property (Ω) or none of them has this property.
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Theorem 2.3.4 If E is a locally convex space with property (Ω), then the prop-
erty (Ω) is inherited by all quotient spaces of E.
Theorem 2.3.5 The Whitney space ε (K) has property (Ω) for K any compact
set on R.
The spaces s and Λ∞(α) have both of the properties (DN) and (Ω).
2.3.3 Diametral Dimension
Now let us define diametral dimension which is a topological invariant. We start
with the following:
Let E be a locally convex space, Up and Uq be absolutely convex subsets of E
such that for some ρ > 0, Uq ⊂ ρUp. For L a subspace of E define
d (Uq, Up;L) = inf{d ≥ 0 : Uq ⊂ dUp + L}.
Then define
dn (Uq, Up) = inf{d (Uq, Up;L) : L ⊂ E subspace such that dim (L) ≤ n}
Then dn (Uq, Up) is called the n
th width (or Kolmogorov Diameter) of Uq
with respect to Up. Let E be a Fre´chet Space with a fundamental system of zero
neighborhoods (Un)n∈N . Then the set of all sequences (γn)
∞
n=0 such that for all
p ∈ N there exists a q ∈ N such that the product γn ·dn (Uq, Up) converges to zero
as n tends to infinity is called the diametral dimension of E and denoted by
Γ (E) . This can be formulated as follows:
Γ (E) = {(γn)∞n=0 : ∀p ∃q : γn · dn (Uq, Up)→ 0 as n→∞}. (2.6)
Note that, if E is a normed space, then Γ(E) = c0. The following theorem
says that diametral dimension is also a topological invariant:
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Theorem 2.3.6 If two locally convex spaces E and F are isomorphic to each
other, then
Γ (E) = Γ (F ) .
Converse is not always true, i.e. diametral dimension of E may be equal to
diametral dimension of F while E and F are not isomorphic. Proof of (2.3.6) can
be found in [11].
2.3.4 Topological Invariant β
Now let us define another topological invariant β and mention some of its basic
properties about our subject:
Definition 2.3.7 Let E be a locally convex space with a fundamental system of
neighborhoods (Un)n∈N . Then the counting function β is defined as follows:
β (t) = β (Up, Uq, t) = min{dimL : t · Uq ⊂ Up + L}, t > 0
where L is a linear subspace of E.
We have the following relation between diametral dimension and β which was
given in [1] without any proof:
Theorem 2.3.8 Let E be a Fre´chet Space with a fundamental system of neigh-
borhoods (Un)n∈N . Then sequence (γn)n∈N is in diametral dimension of E if and
only if for all p ∈ N there exists q ∈ N and for all C ∈ R there exists n0 ∈ N such
that β (Up, Uq, Cγn) ≤ n for n ≥ n0 or:
(γn) ∈ Γ (E) ⇐⇒ ∀p ∃q : ∀C ∃n0 : β (Up, Uq, Cγn) ≤ n for n ≥ n0. (2.7)
For proof of (2.3.8) we need the following lemma:
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Lemma 2.3.9 β (t) is equal to the cardinality of the set {n : dn (Uq, Up) > 1t},
i.e.
β (Up, Uq, t) = |{n : dn (Uq, Up) > 1
t
}|
Proof : First observe that the nth Kolmogorov diameter dn has the following
property (which follows from definition) dn (Uq, Up) ≤ dn−1 (Uq, Up) for all n ≥ 1.
Now assume that the set {n : dn (Uq, Up) > 1t} is not empty, then
|{n : dn (Uq, Up) > 1
t
}| = max
n∈N
{dn (Uq, Up) > 1
t
}+ 1 (2.8)
because if for some n ∈ N dn (Uq, Up) > 1t , so is d0 (Uq, Up) > 1t . Now let
N1 ∈ N be such that
dN1(Uq, Up) ≤
1
t
and dN1−1(Uq, Up) >
1
t
(2.9)
and let N2 ∈ N be such that
N2 = β(t) = min {dimL : t · Uq ⊂ Up + L} . (2.10)
Then by (2.9), there exists a subspace L of E with dimL ≤ N1 such that
d(Uq, Up;L) ≤ 1t . Then;
d(Uq, Up;L) ≤ 1
t
⇒ Uq ⊂ 1
t
Up + L
⇒ tUq ⊂ Up + L
which gives that
β(Up, Uq, t) ≤ N1
which implies that
N1 ≥ N2. (2.11)
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Now (2.10) implies that there exists a subspace L of E with dimL = N2 and
t · Uq ⊂ Up + L. Then;
t · Uq ⊂ Up + L
⇒ Uq ⊂ 1
t
· Up + L
⇒ 1
t
≥ d(Uq, Up;L)
(2.12)
since d(Uq, Up;L) ≥ dN2(Uq, Up)
1
t
≥ dN2(Uq, Up) (2.13)
which implies that
N2 ≥ N1. (2.14)
Then (2.11) and (2.14) implies that
N1 = N2.
This completes the proof of lemma.
Proof of theorem: Now let (γn)n∈N ∈ Γ (E) . Then for all p, there exists q such
that γn · dn (Uq, Up) → 0 as n → ∞, so for all C 6= 0, there exists n0 ∈ N such
that for all n > n0, γn · dn (Uq, Up) < 1|C| which implies that dn (Uq, Up) < 1|C·γn|
for all n > n0 which is equivalent to saying that β (|C · γn|) ≤ n, i.e.
β (Up, Uq, Cγn) ≤ n for n ≥ n0.
Conversely, let for all p there exist q such that for all C > 0 there exists n0 such
that for all n ≥ n0, β (Uq, Up, C · γn) ≤ n. Then, by lemma dn (Uq, Up) ≤ 1|C·γn|
which implies that dn (Uq, Up) · |γn| ≤ 1C . Since this is true for all C, we get that
as n→∞, dn (Uq, Up) · |γn| → 0, so (γn)∞n=0 is in diametral dimension of E. This
completes the proof of the theorem.
We have the following theorem by Zahariuta [20]:
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Theorem 2.3.10 Let E and F be two Fre´chet Spaces with the corresponding
fundamental system of neighborhoods (Um)m∈N and (Vn)n∈N respectively. If E
and F are isomorphic then for all p1 there exists p, for all q there exists q1 and
for all  > 0 such that βF (Vp1 , Vq1 , t) ≤ βE (Up, Uq, t) , t > 0. Or more formally :
∀p1 ∃p ∀q ∃q1,  > 0 : βF (Vp1 , Vq1 , t) ≤ βE (Up, Uq, t) , t > 0. (2.15)
For proof of (2.15) please see [20]. Just like the case about diametral dimen-
sion, converse is not always true. In other words for E and F Fre´chet Spaces,
(2.15) may hold while E and F are not isomorphic.
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2.4 Cantor-Type Sets, Generalized Cantor Sets
We work on the following generalization of classical Cantor set. Consider the
interval I0 = [0, 1]. Then let (Nn)
∞
(n=1) be a sequence of positive integers, and
(ln)
∞
n=0 be a sequence of positive real numbers such that the following relation
holds:
l0 = 1, Nn · ln < ln−1 for all n ≥ 1.
Then at the nth step we do the following:
Delete N1 · N2 . . . Nn−1 · (Nn − 1) open intervals of length ln−1−Nn·lnNn−1 from each
interval such that all the remaining closed intervals have length ln. Call the com-
pact set derived at nth step In and enumerate each closed intervals forming In as
In,1, In,2, . . . , IN1·N2...Nn . Then let K be the infinite intersection of In’s:
K =
∞⋂
n=1
In.
The resulting compact set is called a generalized Cantor set and we also denote
K as K (ln, Nn). Also define the sequence (αn)
∞
(n=1) as αn = logln ln+1, i.e. ln+1 =
lαnn .
We will consider mainly the following special cases for K; Nn = N for all n
for some N ∈ N fixed or Nn ↗∞ as n→∞. Then corresponding compact sets
are denoted as KN and K∞ respectively. If in addition there is a constant α such
that αn = α for all n ∈ N, i.e. ln = lαn−1 for all n ∈ N then we denote these sets
K
(α)
N and K
(α)
∞ respectively.
Let ε (K) denote the space of Whitney functions on a Cantor-type set K. Each
function f ∈ ε (K) is extendable to a function in C∞ (R) . If there exists an
operator T :ε (K)→ C∞ (R) such that T is linear and continuous, then K is said
to have extension property. Note that when considering Cantor-type sets, we
will restrict ourselves to the case ln ≤ ln−1−NnlnNn−1 since otherwise K is uniformly
perfect and it has the extension property. In [15] it was shown by Tidten that if
ε (K) has property (DN) then K has the extension property and vice versa. We
have the following theorem due to Arslan, Goncharov and Kocatepe [1]:
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Theorem 2.4.1 If lim infn→∞ αn > N then the space ε (KN) does not have
the property (DN) (or the set KN does not have the extension property). If
lim supn→∞ αn < N then the space ε (K) has the property (DN) (or the set KN
has the extension property).
For K∞, we have the following theorem about extension property by same
authors [1]:
Theorem 2.4.2 The space ε (K) has the property (DN) (or K∞ has the exten-
sion property) if and only if there exists a constant M such that
ln ≥
(
ln−1 −Nnln
Nn − 1
)M
for all n ∈ N.
Proof of (2.4.1) and (2.4.2) can be found in [1].
We will use the notation “∼” in the following sense:
For two functions F and G, F ∼ G means that for some C, t0 we have
1
C
F
(
t
C
)
≤ G(t) ≤ C · F (Ct), for all t > t0.
The following theorem by Arslan, Goncharov and Kocatepe [1] says that
asymptotically if t ∼ lp−qn , then β (Up, Uq, t) ∼ N1 · · · Nn as n → ∞. This
theorem is of main importance in this thesis. So, for completeness, we will give
its detailed proof.:
Theorem 2.4.3 Let E = ε (K (ln, Nn)) and p < q be two fixed natural numbers.
If t ≤ 1
5
lp−qn , then β (Up, Uq, t) ≤ (q + 1)N1 . . . Nn. If t ≥ 5 (q − p)!lp−qn , then
β (Up, Uq, t) ≥ N1 . . . Nn.
Proof : Upper bound of β
If for some subspace L we have t ·Uq ⊂ Up+L, then β (t) ≤ dimL (by definition
of β). Let us fix n such that 5t ≤ lp−qn . Set M = N1 . . . Nn. Remember that
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while constructing Cantor-type sets, we denoted the set derived at the nth step
of construction with In and since In =
⋃
1≤k≤M In,k where In,k = [ak, bk]. For
k = 1, 2, . . . ,M and j = 0, 1, . . . , q, let ek,j (x) =
(x−ak)j
j!
if x ∈ K ∩ In,k and
ek,j = 0 otherwise on K. We take L =Span(ek,j)
M,q
k=1,j=0 . Then dimL = (q + 1)M
and it is enough to show that for any function f with ||f ||q ≤ t there exists a
function g ∈ L such that
||f − g||p ≤ 1. (2.16)
Given f ∈ tUq let
g =
M∑
k=1
q∑
j=0
f (j) (ak) · ek,j.
Clearly, if x ∈ In,k, then (f − g) (x) = Rqakf (x) . Since |x− ak| ≤ Ln we get
| (f − g)(i) (x) | ≤ ||f ||q · |x− ak|q−i ≤ t · lq−in , i ≤ p. (2.17)
Let now
Ap =
| (Rpy (f − g))(i) (x) |
|x− y|p−i , x, y ∈ K, x 6= y, i ≤ p.
If x, y ∈ In,k for some k, then
Rpy (f − g) (x) = f (x)− g (x)− T py (Rq0f) (x)
= T qy f (x) +R
q
yf (x)− T q0 f (x)− T py (Rq0f) (x)
Now the following identity which is proved in [7]:
T qy f (x)− T qaf (x) = T qy (Rqaf) (x)
implies that ;
T qy f (x)− T q0 f (x) = T qy (Rq0f) (x)
and so we can use the following representation:
Rpy (f − g) (x) = Rqyf (x) +
q∑
m=p+1
(
Rqakf
)(m) · (x− y)m
m!
.
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Therefore
Ap ≤ ||f ||q · |x− y|i−p · |x− y|i−p +
q∑
p+1
||f ||q · |y − ak|q−m · |x− y|
m−i
(m− i)! · |x− y|
i−p.
As |x− y| ≤ ln,
Ap ≤ t · lq−pn
(
1 +
∑ 1
(m− i)!
)
< (e+ 1) t · lq−pn .
On the other hand, if the points x, y are located on different subintervals of
In, (i.e. x ∈ In,k1 and y ∈ In,k2 but k1 6= k2) then
|x− y| > ln−1 −Nnln
Nn − 1 > ln
by assumption. For this case
Ap ≤ | (f − g)(i) (x) | · |x− y|i−p +
p∑
m=i
| (f − g)(m) (y) |
(m− i)! |x− y|
m−p.
From (2.17) it follows that
Ap ≤ t · lq−pn + t · lq−pn
p∑
m=i
1
(m− i)! .
So,
||f − g||p ≤ t · lq−pn (2 + e) < 1,
i.e.
||f − g||p < 1
as desired, so
β (t) ≤ dimL = (q + 1N1 · · ·Nn) .
Lower bound of β
We use Tikhomirov theorem ([16] or [9]) to get a lower estimate for Kolmogorov
CHAPTER 2. PRELIMINARIES 21
diameters:
If d · Up ∩ L ⊂ Uq with dimL = n+ 1, then dn (Uq, Up) ≥ d.
Therefore,
β (t) ≥ dimL if Up ∩ L ⊂ (1− 0) t · Uq withsome 0 > 0.
Let us take
L = Span (ek,q)k=1M
and fix
f =
M∑
k=1
Ck · ek,q ∈ L ∩ Up.
Since
1 ≥ ||f ||p ≥ |f (p) (bk) | ≥ |CK | l
q−p
n
(q − p)! ,
we have
|Ck| ≤ (q − p)!lp−qn forall k.
Let x ∈ In,k. Then
|f (i) (x) | ≤ |Ck| l
q−i
n
(q − i)! , i ≤ q,
hence |f |q ≤ (q − p)!lp−qn .
if x, y ∈ In,k then Rqyf (x) = 0. Otherwise, |x−y| ≥ ln−1−NnlnNn−1 ≥ ln and arguing
as before, we obtain
| (Rqyf)(i) (x) | · |x− y|i−q ≤ |f (i) (x) | · hi−qn + q∑
m=i
f (m)(y)
(m− i)!h
m−q
n
≤ |Ck|
(q − p)! +
q∑
m=i
|Ck1|
(m− i)!
≤ (q − p)!lp−qn (1 + e) .
CHAPTER 2. PRELIMINARIES 22
If we take 0 with 2 + e < 5 (1− 0), then
||f ||q ≤ (q − p)!lp−qn (2 + e) < t · (1− 0)
and
β (t) ≥ dimL = M = N1 . . . Nn.

Now when does the space ε (K (ln, Nn)) has the property (Ω)? It is a well
known fact that if K ⊂ R is a perfect compact set then
ε (K) ' C∞ (L) /Z
where L is a compact interval in R which contains K and Z = {f ∈ C∞ (L) :
f |K≡ 0}. It was shown in [9] by Mityagin that C∞ (L) ' s. Hence ε (K) is iso-
morphic to a quotient space of s, the space of rapidly decreasing sequences. Since
s has property (Ω), ε (K) has the property (Ω). It also follows that ε (K (ln, Nn))
is nuclear, since s is nuclear and nuclearity is inherited by quotient spaces.
Chapter 3
Existence of Basis in Some
Whitney Spaces
Existence of basis in nuclear Fre´chet spaces has aroused many researchers interest
up to now. It has been shown by Mityagin and Zobin [10] that there are nuclear
Fre´chet spaces without basis. However it is still not known whether there is a
nuclear function space without a basis. It is believed that if there is such a space,
it will be found among Whitney spaces. In this chapter, we show that under some
restrictions, Whitney spaces on Cantor-type compact sets have basis. For both
of the following theorems, first we will give a simpler proof demonstrating the
basic idea and later a detailed proof will be given. We start with the following
theorem due to A. Aytuna, J. Krone and Terziog˘lu [2] which plays an important
role in this thesis :
Theorem 3.0.4 Let E be a nuclear Fre`chet space with property (DN) and (Ω).
Let Γ (E) = Γ (Λ∞ (β)) for some β = (βn)n∈N. If
sup
n
β2n
βn
<∞ (3.1)
holds, then E has a basis.
Remark 3.0.5 Note that it was shown by Terziog˘lu in [13] that if E is a Fre´chet
space with property (DN) and (Ω), then there is β = (βn)n∈N such that Γ (E) =
23
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Γ (Λ∞ (β)), and β is unique up to equivalence, i.e. if α = (αn)n∈N and β =
(βn)n∈N are two such sequences, then there is a constant C > 0 such that 1C ≤
αn
βn
≤ C for all n.
Proof : By Lemma 2.3 in [2], if E is a nuclear space with properties (DN)
and (Ω) and if Γ (E) ⊂ Γ (Λ∞ (β)), then there exists a local imbedding of Λ∞ (β)
into E.
By Corollary 1.5 in [2], if Λ∞(β) is nuclear and stable (stability of Λ∞(β)
is equivalent to (3.1)) and if E is a Fre´chet space with (DN) and (Ω), and
Γ (Λ∞ (β)) ⊂ Γ (E) holds, and there exists a local imbedding of Λ∞ (β) into E
then E is isomorphic to Λ∞ (β), i.e.;
E ' Λ∞ (β) .
So existence of basis in E depends on existence of basis in Λ∞(β). We know that
Λ∞(β) always has a basis since it’s a Ko¨the space. This completes the proof of
theorem.

Theorem 3.0.6 Let KN = K (ln, Nn) be a generalized Cantor-type set where
Nn = N fixed for all n ∈ N, E =ε (K) be the space of infinitely differentiable
Whitney functions defined on K. If
lim sup
n→∞
αn < N
then the space E has a basis.
Proof :
Remark 3.0.7 By 2.4.1 if lim supn αn < N then E has (DN).
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Since ln = l
αn−1
n−1 , define A (n) = α1 . . . αn, n ∈ N and extend it to interval
(n, n+ 1) linearly (or any other way so that A (x) is increasing). Without loss of
generality, we may assume that l1 =
1
e
. Then;
t ∼ lp−qn = eα1...αn(q−p) = eA(n)(q−p) ⇒ β (t) ∼ N . . .N︸ ︷︷ ︸
n times N
= Nn.
Then ln t ∼ A (n) . (q − p)⇒ A (n) ∼ ln t
q−p ⇒ n ∼ A−1
(
ln t
q−p
)
so
β (Uq, Up, t) ∼ Nn = NA−1(
ln t
q−p).
Remember that, (2.3.8) says : (γn)n∈N ∈ Γ (ε(K))⇔ ∀ p ∃ q : ∀ C ∃ n0 :
β (Up, Uq, C · γn) ≤ n ∀ n ≥ n0.
Now let (γn)n∈N ∈ Γ (ε (K)), then ∀ p ∃ q ∀ C ∃ n0 :
β (C · γn) ≤ n⇒
NA
−1( ln(C·γn)q−p ) ≤ n
(3.2)
for all n ≥ n0 which implies that
A−1
(
ln (C · γn)
q − p
)
≤ lnn
lnN
⇒
ln (C · γn) ≤ (q − p) · A
(
lnn
lnN
)
⇒
C · γn ≤ e(q−p).A( lnnlnN )
for all n ≥ n0. Then letting q − p = M and βn = A
(
lnn
lnN
)
, we have
γn.e
−M.βn ≤ 1
C
(3.3)
for all n ≥ n0. So
(γn)n∈N ∈ Γ (ε (K))⇔ ∃M > 0 such that γn.e−M.βn → 0 as n→∞. (3.4)
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Thus
Γ (ε (K)) = Λ∞′ (β) = Γ (Λ∞ (β)) (3.5)
where β = (βn)n∈N.
Now let us show stability of β:
Assume
k ≤
(
lnn
lnN
)
< k + 1 for k ∈ N (3.6)
Then
ln (2n)
lnN
=
ln 2
lnN︸ ︷︷ ︸
between 0 and 1(since 2≤N)
+
lnn
lnN︸ ︷︷ ︸
<1
< 1 + (k + 1) = k + 2 (3.7)
So;
k ≤ ln (2n)
lnN
< k + 2 (3.8)
Then
(3.6)⇒ α1 . . . αk ≤ βn < α1 . . . αk+1
(3.8)⇒ α1 . . . αk ≤ β2n < α1 . . . αk+2.
So;
1 ≤ β2n
βn
<
α1 . . . αk+2
α1 . . . αk
= αk+1 · αk+2. (3.9)
Since (αn)n∈N is bounded, then
β2n
βn
is also bounded, so β is stable, then by
(3.0.4), E ' Λ∞(β). Since Λ∞(β) has a basis, E has also a basis.
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Remark 3.0.8 For simplicity we are using ∼ notation in the proof. This may
make careful reader a bit suspicious about reliability of proof. For detailed proof
one can see later pages.
Theorem 3.0.9 Let K∞ = K (ln, Nn) be a generalized Cantor-type set where
limn→∞Nn = ∞, E = ε (K∞) be the space of infinitely differentiable Whitney
functions defined on K∞ and assume that E has property (DN). If
lim sup
n→∞
αn <∞
then the space E has a basis.
Proof :
Let K = K∞, Nn = NTn , where
N = min
i
{
Ni : Ni > lim sup
n→∞
αn
}
,
Tn ↗∞, so N1 ·N2 . . . Nn = NT1+T2+...+Tn .
Now define S (n) = T1 + T2 + . . . + Tn, n ∈ N. S (n) ↗ ∞ and extend S (n) to
the interval (n, n+ 1) linearly (or any other way so that S (x) is increasing).
Define A (n) and extend it to A (x) as before.
t ∼ lp−qn = eα1...αn(q−p) = eA(n)(q−p) ⇒ β (t) ∼ N1 . . . Nn.
Then ln t ∼ A (n) · (q − p)⇒ A (n) ∼ ln t
q−p ⇒ n ∼ A−1
(
ln t
q−p
)
so
β (Uq, Up, t) ∼ N1 . . . Nn = N1 . . . NA−1( ln tq−p) = N
S(A−1( ln tq−p)).
Remember that (2.3.8) says that : (γn) ∈ Γ (ε(K))⇔ ∀ p ∃ q : ∀ C ∃ n0 :
β (Up, Uq, C · γn) ≤ n ∀ n ≥ n0.
Now let (γn) ∈ Γ (ε (K)), then ∀ p ∃ q ∀ C ∃ n0 :
β (C · γn) ≤ n⇒
NS(A
−1( ln(C·γn)q−p )) ≤ n
for all n ≥ n0 which implies that
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S
(
A−1
(
ln (C · γn)
q − p
))
≤ lnn
lnN
⇒
A−1
(
ln (C · γn)
q − p
)
≤ S−1
(
lnn
lnN
)
⇒
ln (C · γn) ≤ (q − p) .A
(
S−1
(
lnn
lnN
))
⇒
C · γn ≤ e(q−p).A(S−1( lnnlnN ))
for all n ≥ n0. Then letting q − p = M and βn = A
(
S−1
(
lnn
lnN
))
, we have
γn.e
−M.βn ≤ 1
C
for all n ≥ n0. So
(γn)n∈N ∈ Γ (ε (K))⇔ ∃M > 0 such that γn.e−M.βn → 0 as n→∞.
Thus Γ (ε (K)) = Λ∞′ (β) = Γ (Λ∞ (β)) where β = (βn)n∈N.
Now let us show stability of β:
Assume
k ≤ S−1
(
lnn
lnN
)
< k + 1fork ∈ N (3.10)
Then S−1
(
ln 2n
lnN
)
= S−1
 ln 2
lnN︸ ︷︷ ︸
<1
+ lnn
lnN
 < 1 + (k + 1) for sufficiently large n
(assuming linearity of S−1 gives same result), i.e.;
k ≤ S−1
(
ln 2n
lnN
)
< k + 2 (3.11)
Then;
(3.10) ⇒ α1 . . . αk ≤ βn < α1 . . . αk · αk+1
(3.11) ⇒ α1 . . . αk ≤ β2n < α1 . . . αk+1 · αk+2
So;
1 ≤ β2n
βn
< αk+1 · αk+2
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If (αn)n∈N is bounded, say αn ≤ B then 1 ≤ β2nβn ≤ B2, so (βn)n∈N is stable. Then
by (3.0.4), E ' Λ∞(β). Since Λ∞(β) has a basis, E has also a basis.
Remark 3.0.10 For simplicity we are using ∼ notation in the proof. This may
make careful reader a bit suspicious about reliability of proof. For detailed proof
one can see later pages.
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Detailed proof of (3.0.6):
Let p ≤ q be fixed. Then
0 ≤ 1
lq−p1
≤ 1
lq−p2
≤ . . . ≤ 1
lq−pn−1
≤ 1
lq−pn
≤ . . . and 1
lq−pn
→∞ as n→∞ (3.12)
Find n0 such that for all n ≥ n0
5 (q − p)! 1
lq−pn−2
≤ 1
lq−pn−1
and
1
lp−qn
≤ 1
5
1
lq−pn+1
. (3.13)
Let t > 0 be large enough (say t ≥ 1
lq−pn0−1
). Find a unique n ≥ n0 s.t.
1
lq−pn−1
≤ t ≤ 1
lp−qn
(3.14)
Then by (3.13)
5 (q − p)! 1
lq−pn−2
≤ t ≤ 1
5
1
lq−pn+1
(3.15)
On the other hand, (3.14) holds if and only if
e(q−p)α1...αn−1
(1)
≤ t
(2)
≤ e(q−p)α1...αn
⇔ (q − p)A (n− 1)
(1)
≤ ln t
(2)
≤ (q − p)A (n)
⇔ A (n− 1)
(1)
≤ ln t
q−p
(2)
≤ A (n)
⇔ n− 1
(1)
≤ A−1
(
ln t
q−p
) (2)
≤ n
⇔ A−1
(
ln t
q − p
)
(1)
≤ n
(2)
≤ A−1
(
ln t
q − p
)
+ 1
(which is equivalent to 3.14.)
Now (3.15) ⇒
Nn−2
(a)
≤ β (Up, Uq, t)
(b)
≤ (q + 1)Nn+1. (3.16)
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By (3.14) ;
NA
−1( ln tq−p)−2
(a,2)
≤ β (Up, Uq, t)
(b,1)
≤ (q + 1) ·NA−1( ln tq−p)+2 for t ≥ t0. (3.17)
Let now (γn) ∈ Γ (ε (K)). Then ∀p ∃q ∀C ∃n1 s.t. β (Up, Uq, C · γn) ≤ n for
n ≥ n1. Assume n ≥ n1 and C · γn ≥ t0. Then (a,2) ⇒
NA
−1( ln(C·γn)q−p )−2 ≤ n⇒
A−1
(
ln (C · γn)
q − p
)
− 2 ≤ lnn
lnN
⇒
A−1
(
ln (C · γn)
q − p
)
≤ lnn
lnN
+ 2⇒
ln (C · γn) ≤ (q − p) · A
(
lnn
lnN
+ 2
)
⇒
C · γn ≤ e(q−p)·A( lnnlnN )+2
Let βn = A
(
lnn
lnN
)
. Given n, choose an integer k = k(n) s.t.
k ≤ lnn
lnN
< k + 1⇒
k + 2 ≤ lnn
lnN
+ 2 < k + 3⇒
A (k + 2) ≤ A ( lnn
lnN
+ 2
)
< A (k + 3)
which is equivalent to the following:
α1 . . . αk · αk+1 · αk+2 ≤ A
(
lnn
lnN
+ 2
)
< α1 . . . αk+2 · αk+3
and
A (k) ≤ A ( lnn
lnN
)
< A (k + 1)
i.e.
α1 . . . αk ≤ βn < α1 . . . αk · αk+1.
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Thus;
1 <
A( lnnlnN+2)
βn
<
α1 . . . αk+3
α1 . . . αk
i.e.
1 <
A( lnnlnN+2)
βn
< αk+1 · αk+2 · αk+3.
Since (αn) is bounded, the sequences
(
A
(
lnn
lnN
+ 2
))
and (βn) are equivalent.
Thus ∃ M such that γn.e−M ·βn → 0 as n→∞ so;
(γn) ∈ Γ (Λ∞ (β)) = Λ∞ (β)′
Conversely assume (γn)n ∈ Γ (Λ∞ (β)) = Λ∞ (β)′ where βn = A
(
lnn
lnN
)
. Ob-
viously, for all C > 0, the sequence (C · γn)n also is in Γ (Λ∞ (β)). Then ∃
M > 0 s.t. limn→∞ |C · γn|.e−M.βn = 0 or |C · γn| ≤ eM.βn for large n. Show that
(C · γn) ∈ Γ (ε (K)), i.e. ∀p ∃q : ∀C > 0, ∃n0 β (Up, Uq, C · γn) ≤ n, for all n > n0.
We find α such that lim supn αn < α < N . Then αn ≤ α for large n. Given
n, let k = k(n) be such that k ≤ lnn
lnN
< k + 1. Since limq→∞
q
(q+1)
lnα
lnN
= +∞, we
have an integer q0 s.t. ∀q ≥ q0
2Mα4 ≤ q
(q + 1)
lnα
lnN
. (3.18)
Given p, choose q s.t. q ≥ 2p and q ≥ q0. Then q/2 ≤ q − p and (3.18) holds.
Since (q + 1)
lnα
lnN = α
ln(q+1)
lnN , (3.18) ⇔
M.α4+
ln(q+1)
lnN < q/2
Choose an integer µ s.t. Nµ ≤ q + 1 < Nµ+1. Then µ ≤ ln(q+1)
lnN
. So (3.18) ⇒
M · α4+µ ≤M · α4+ ln(q+1)lnN ≤ q/2 ≤ q − p⇒
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M · αk−µ−2 . . . αk+1 ≤ q − p
⇒M · α1 . . . αk+1 ≤ (q − p) · α1 . . . αk−µ−3
i.e.
M · A (k + 1) ≤ (q − p) · A (k − µ− 3) .
Since ln(q+1)
lnN
< µ + 1, we have k − µ− 3 = k − (µ + 1)− 2 ≤ lnn−ln(q+1)
lnN
− 2.
It follows that
M · A
(
lnn
lnN
)
︸ ︷︷ ︸
βn
≤ (q − p) · A
(
lnn− ln (q + 1)
lnN
− 2
)
⇒ |C · γn| ≤ e(q−p)·A(
lnn−ln(q+1)
lnN
−2) ⇒
ln |C · γn|
q − p ≤ A
(
lnn− ln (q + 1)
lnN
− 2
)
⇒
A−1
(
ln |C · γn|
q − p
)
≤ lnn− ln (q + 1)
lnN
− 2⇒
A−1
(
ln |C · γn|
q − p
)
+ 2 ≤ lnn− ln (q + 1)
lnN
⇒
NA
−1( ln |C·γn|q−p )+2 = e(A
−1( ln |C·γn|q−p )+2)·lnN ≤
elnn−ln(q+1) =
n
q + 1
⇒
(q + 1) ·NA−1( ln |C·γn|q−p )+2 ≤ n.
So by (3.17) we get β (Up, Uq; |C · γn|) ≤ n for n large enough.
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Detailed proof of (3.0.9):
Let p ≤ q be fixed. Then
0 ≤ 1
lq−p1
≤ 1
lq−p2
≤ . . . ≤ 1
lq−pn−1
≤ 1
lq−pn
≤ . . .
and
1
lq−pn
→∞ as n→∞
Find n0 such that for all n ≥ n0
5 (q − p)! 1
lq−pn−2
≤ 1
lq−pn−1
and
1
lp−qn
≤ 1
5
1
lq−pn+1
(3.19)
Let t > 0 be large enough (say t ≥ 1
lq−pn0−1
). Find a unique n ≥ n0 s.t.
1
lq−pn−1
(1)
≤ t
(2)
≤ 1
lp−qn
(3.20)
Then by (3.19)
5 (q − p)! 1
lq−pn−2
≤ t ≤ 1
5
1
lq−pn+1
(3.21)
On the other hand, (3.20) holds if and only if
e(q−p)α1...αn−1 ≤ t ≤ e(q−p)α1...αn
⇔ (q − p)A (n− 1) ≤ ln t ≤ (q − p)A (n)
⇔ A (n− 1) ≤ ln t
q−p ≤ A (n)
⇔ n− 1 ≤ A−1
(
ln t
q−p
)
≤ n
⇔ A−1
(
ln t
q − p
)
(2)
≤ n
(1)
≤ A−1
(
ln t
q − p
)
+ 1
which is equivalent to (3.20).
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First define
N = min
i
{
Ni : Ni > lim sup
n→∞
αn
}
,
and let α be any real number s.t. N > α > lim supn→∞ αn. Now (3.21) ⇒
N1 . . . Nn−2
(a)
≤ β (Up, Uq, t)
(b)
≤ (q + 1)N1 . . . Nn ·Nn+1
i.e. NS(n−2)
(a)
≤ β (Up, Uq, t)
(b)
≤ (q − 1) .NS(n+1)
By (3.20) ;
NS(A
−1( ln tq−p)−2)
(a,2)
≤ β (t)
(b,1)
≤ (q + 1) ·NS(A−1( ln tq−p)+2)t ≥ t0 (3.22)
Let now (γn) ∈ Γ (ε (K)) . Then ∀p∃q∀C∃n1 such that β (Up, Uq, C · γn) ≤ n
for n ≥ n1. Assume n ≥ n1 and C · γn ≥ t0. Then (a,2) ⇒
NS(A
−1( ln(C·γn)q−p )−2) ≤ n⇒
S
(
A−1
(
ln (C · γn)
q − p
)
− 2
)
≤ lnn
lnN
⇒
A−1
(
ln (C · γn)
q − p
)
≤ S−1
(
lnn
lnN
)
+ 2⇒
ln (C · γn) ≤ (q − p) · A
(
S−1
(
lnn
lnN
)
+ 2
)
⇒
C · γn ≤ e(q−p)·A(S−1( lnnlnN )+2)
Let βn = A
(
S−1
(
lnn
lnN
))
. Given n, choose an integer k such that;
k ≤ S−1 ( lnn
lnN
)
< k + 1⇒
k + 2 ≤ S−1 ( lnn
lnN
)
+ 2 < k + 3⇒
A (k + 2) ≤ A (S−1 ( lnn
lnN
)
+ 2
)
< A (k + 3)
,i.e.
α1 . . . αk+1 · αk+2 ≤ A
(
S−1
(
lnn
lnN
)
+ 2
)
< α1 . . . αk+2 · αk+3
and
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A (k) ≤ A (S−1 ( lnn
lnN
))
< A (k + 1)
i.e.
α1 . . . αk ≤ βn < α1 . . . αk · αk+1
Thus;
1 <
A(S−1( lnnlnN )+2)
βn
<
α1 . . . αk+3
α1 . . . αk
i.e. 1 <
A(S−1( lnnlnN )+2)
βn
< αk+1 · αk+2 · αk+3.
If lim supαn <∞ then the sequences A
(
S−1
(
lnn
lnN
+ 2
))
and (βn) are equiva-
lent. Thus ∃ M s.t. γn.e−M.βn → 0 as n→∞ so;
(γn) ∈ Γ (Λ∞ (β)) = Λ∞ (β)′
Conversely assume (γn) ∈ Γ (Λ∞ (β)) = Λ∞ (β)′ where βn = A
(
S−1
(
lnn
lnN
))
.
Then ∃ M > 0 s.t. limn→∞ |γn|.e−M.βn = 0. Show that (γn) ∈ Γ (ε (K)), i.e.
∀p ∃q s.t. ∀C β (Up, Uq, Cγn) ≤ n, for n large enough. Given n, let k = k(n) be
such that k ≤ S−1 ( lnn
lnN
)
< k + 1.
Since lim supn→∞ αn < α < N < ∞. Since limq→∞ q
(q+1)
lnα
lnN
= +∞, so we have
an integer q0 s.t. ∀q ≥ q0
2Mα4 ≤ q
(q + 1)
lnα
lnN
. (3.23)
Given p, choose q such that q ≥ 2p and q ≥ q0. Then q/2 ≤ q − p and (3.23)
holds. Since (q + 1)
lnα
lnN = α
ln(q+1)
lnN ;
(3.23)⇔M · α4+ ln(q+1)lnN < q/2 (3.24)
Choose an integer µ such that
Nµ ≤ q + 1 < Nµ+1.
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Then µ ≤ ln(q+1)
lnN
. So (3.23) ⇒
M.α4+µ ≤M.α4+ ln(q+1)lnN ≤ q/2 ≤ q − p⇒ (3.25)
M · αk−µ−2 . . . αk+1 ≤ q − p
⇒M · α1αk+1 ≤ (q − p) · α1 . . . αk−µ−3
⇒M · α1 . . . αk+1 ≤ (q − p) · α1 . . . αk−µ−3
or M · A (k + 1) ≤ (q − p) · A (k − µ− 3)
since k − µ− 3 = k − (µ+ 1)− 2 ≤ S−1 ( lnn
lnN
)− ln(q+1)
lnN
− 2 ⇒
M.A
(
S−1
(
lnn
lnN
))
≤M.A (k + 1) ≤ (q − p) .A
(
S−1
(
lnn
lnN
)
− ln (q + 1)
lnN
− 2
)
(3.26)
Given C > 0, for large n, C|γn| ≤ eMβn . So
γn ≤ eM.βn ≤ e(q−p)A(S−1( lnnlnN )−
ln(q+1)
lnN
−2) (3.27)
which implies that(
lnC|γn|
q − p
)
≤ A
(
S−1
(
lnn
lnN
)
− ln (q + 1)
lnN
− 2
)
⇒ A−1
(( | lnCγn|
q − p
))
≤ S−1
(
lnn
lnN
)
− ln (q + 1)
lnN
− 2
⇒ A−1
((
ln |Cγn|
q − p
))
+ 2 ≤ S−1
(
lnn
lnN
)
− ln (q + 1)
lnN
⇒ NA−1(( ln |Cγn|q−p ))+2 = e(A−1(ln( |Cγn|q−p ))+2). lnN ≤
NS
−1( lnnlnN )−
ln(q+1)
lnN =
NS
−1( lnnlnN )
(q + 1)
⇒ (q + 1) .NA−1( ln γnq−p )+2 ≤ NS−1( lnnlnN ) ≤
N
lnn
lnN = n. (3.28)
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The last inequality equality follows from the fact that S−1(x) ≤ x for large x.
This can be seen as follows; S(k + 1)− S(k) = Tk ↗∞, so S(k + 1) ≥ S(k) + 1
for large k.
So by (3.22) we get β (Up, Uq, |γn|) ≤ n for large n, which is equivalent to saying
that (γn) ∈ Γ (ε (K)) i.e.,
Γ (ε (K)) = Γ (Λ∞ (β)) .
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